
MSRI2018, LECTURE 2

D. CHAKRABARTI
(NOTES BY T. GUPTA)

2. Basic properties of O(Ω)

In this lecture we will study the standard local properties of holomorphic functions using
the one variable results and calculus of several variables.

The space Cn can be identified with R2n in the following sense. Given z = (z1, . . . , zn) ∈
Cn, each coordinate can be written as zj = xj + iyj , with xj , yj ∈ R. The mapping

z 7→ (x1, y1, x2, y2, . . . , xn, yn) ∈ R2n

establishes an R-linear isomorphism between Cn and R2n, which is compatible with the
metric structures.

The open ball of radius r > 0 centered at a ∈ Cn is defined by

B(a, r) = {z ∈ Cn : |z − a| < r} .

In several complex variables, it is often convenient to use another system of neighborhoods:
the open polydiscs.

Definition 2.1 (Polydisc). An open polydisc centered at a = (a1, . . . , an) ∈ Cn and of
polyradius r = (r1, . . . , rn), where rj ≥ 0 for all 0 ≤ j ≤ n, is given by the set

P (a, r) = {z ∈ Cn : |zj − aj | < rj for each 0 ≤ j ≤ n} .

It is quite obvious from the definition that an open polydisc is a Cartesian product of n
planar open discs.

2.1. Cauchy Integral Formula on Polydiscs. A lot of basic local properties of holomor-
phic function in one variable follows from the Cauchy Integral Formula which generalizes
to polydiscs quite easily:

Theorem 2.2 (CIF on polydiscs). Let P = P (a, r) be a polydisc in Cn and let f ∈ C(P )∩
O(P ). Then

f(z) =
1

(2πi)n

∫
b0P

f(ζ) dζ1 . . . dζn
(ζ1 − z1) . . . (ζn − zn)

for z ∈ P, (2.3)

where b0P = {ζ ∈ Cn : |ζj − aj | = rj , 1 ≤ j ≤ n} .

Remark 2.4. It is important to note that the integral in not over the entire boundary of
the polydisc. This part of the boundary b0P is called the distinguished boundary of the
polydisc.

Proof. For simplicity, we will prove this for n = 2. By Cauchy Integral Formula for one
variable, if we fix z2 such that |z2 − a2| < r2, we have

f(z1, z2) =
1

2πi

∫
|ζ1−a1|=r1

f(ζ1, z2)

(ζ1 − z1)
dζ1

1
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for any z1 with |z1 − a1| < r1. Similarly for each fixed ζ1,

f(z1, z2) =
1

(2πi)2

∫
|ζ1−a1|=r1

∫
|ζ2−a2|=r2

f(ζ1, ζ2)

(ζ1 − z1)(ζ2 − z2)
dζ2 dζ1

for each (z1, z2) ∈ P . The result for general n can be done using induction on n. �

ExerciseI: Show that if z ∈ P we have |f(z)| ≤ |f |L∞(b0P ) for all f ∈ O(P ) ∩ C(P ) .

Theorem 2.5 (Cauchy estimates). Let f ∈ O(P (a, r)). Then for all α = (α1, . . . , αn) ∈ Nn,

|Dαf(a)| ≤ α!

rα
‖f‖L∞(P (a,r)); (2.6)

|Dαf(a)| ≤ α!(α1 + 2) . . . (αn + 2)

(2π)nrα+2
‖f‖L1(P (a,r)). (2.7)

Here Dα =
∂α1+···+αn

∂zα1
1 . . . ∂zαnn

, α! = α1! . . . αn!, rα = rα1
1 . . . rαnn and for m ∈ Z, α + m =

(α1 +m, . . . , αn +m).

Proof. Fix 0 < ρ < r. Applying Theorem 2.2 to P (a, ρ) ⊂⊂ P (a, r) and differentiating
under the integral sign, we get

Dαf(a) =
α!

(2πi)n

∫
b0P (a,ρ)

f(ζ) dζ1 . . . dζn
(ζ − a)α+1

. (2.8)

After an obvious estimatation of (2.8) and taking lim
ρ→r

both sides we get (2.6). For (2.7),

change to polar coordinates, multiply both sides of (2.8) by ρα+1, and taking the estimate
gives

|Dαf(a)| ρα+1 ≤ α!

(2π)n

∫
[0,2π]n

∣∣∣f(a+ ρeiθ)
∣∣∣ ρ1 . . . ρndθ1 . . . dθn. (2.9)

Integrating (2.9) both sides over 0 ≤ ρj ≤ rj for 1 ≤ j ≤ n gives (2.7). �

ExerciseI: Let {fj}∞j=1 ⊂ O(Ω) be a sequence of holomorphic functions converging com-

pactly in Ω to f . Then prove that f ∈ O(Ω), and for each α ∈ Nn, lim
j→∞

Dαfj = Dαf .

2.2. Local power series expansion.

Definition 2.10. The multiple series
∑

ν∈Nn bν is called absolutely convergent if∑
ν∈Nn

|bν | = sup

{∑
ν∈Λ

|bν | : Λ finite

}
<∞.

A power series in n complex variables z1, . . . , zn centered at a ∈ Cn is a multiple series∑
ν∈Nn bν with

bν = cν(z − a)ν = cν1...νn(z1 − a1)ν1 . . . (zn − an)νn ,

where cν ∈ C for ν ∈ Nn. We will usually consider the power series centered at the origin.

Definition 2.11. The domain of convergence Ω of the power series∑
ν∈Nn

cνz
ν (2.12)

is the interior of the set of points z ∈ Cn for which (2.12) converges absolutely.
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Lemma 2.13 (Abel’s lemma). Suppose cν ∈ C for ν ∈ Nn and that for some w ∈ Cn

sup
ν∈Nn

|cνwν | = M <∞. (2.14)

Let r = τ(w) = (|w1| , . . . , |wn|). Then the power series
∑
cνz

ν converges on the polydisc
P (0, r). Moreover, the convergence is normal in the following sense: if K ⊂ P (0, r) is
compact and ε > 0 is arbitrary, there is a finite set Λ = Λ(K, ε), such that∑

ν 6∈Λ

|cνzν | < ε for all z ∈ K.

Proof. To be given in Lecture 4. �

Theorem 2.15 (Taylor series). Let f ∈ O(P (a, r)). Then the taylor series of f converges
to f absolutely and uniformly on compact subsets of P (a, r), i.e.,

f(z) =
∑
ν∈Nn

Dνf(a)

ν!
(z − a)ν for z ∈ P (a, r).

Proof. From the Cauchy integral formula (2.3), applied to z ∈ P (a, ρ) ⊂⊂ P (a, r), we
expand (ζ − z)−1 = (ζ1 − z1)−1 . . . (ζn − zn)−1 into multiple geometric series

(ζ − z)−1 =
∑
ν∈Nn

(z − a)ν

(ζ − a)ν+1
, (2.16)

which converges uniformly for ζ ∈ b0P (a, ρ), since |zj − aj | / |ζj − aj | ≤ |zj − aj | /ρj < 1
for such ζ and for all 1 ≤ j ≤ n. Substituting (2.16) to (2.3) and interchanging summation
and integration, we get

f(z) =
∑
ν∈Nn

[
1

(2πi)n

∫
b0P (a,ρ)

f(ζ)dζ1 . . . dζn
(ζ − a)ν+1

]
(z − a)ν (2.17)

for z ∈ P (a, ρ). By (2.8), the coefficient of (z − a)ν in (2.17) equals Dνf(a)/ν!. �

Theorem 2.18 (The identity theorem). Let Ω ⊂ Cn be a domain (open and connected)
and let f ∈ O(Ω). If a ∈ Ω is such that Dαf(a) = 0 for all α ∈ Nn, then f(z) = 0 for
z ∈ Ω. In particular, if there is a nonempty open set U ⊂ Ω, such that f(z) = 0 for z ∈ U ,
then f ≡ 0 on Ω.

Proof. Theorem 2.15 implies that the set D = {z ∈ Ω : Dαf(z) = 0 for all α ∈ Nn} is
open. By continuity of Dαf , D is also closed. Since D is nonempty, connectedness implies
D = Ω. �

Theorem 2.19 (Open mapping theorem). Let Ω ⊂ Cn be domain and suppose f ∈ O(Ω)
is not constant. Then f(U) is open for any open set U⊂ Ω.

Proof. It suffices to show that for any open ball B(a, r) ⊂ Ω, f(B(a, r)) is an open neigh-
borhood of f(a). Theorem 2.18 implies that f |B(a,r) is not constant, otherwise f would be
constant on Ω. Choose p ∈ B(a, r) such that f(p) 6= f(a), and define h(λ) = f(a+λ(p−a))
for λ ∈ ∆ = {λ ∈ C : |λ| ≤ 1}. Then h is non constant on ∆ and holomorphic. By one
variable open mapping theorem, h(∆) ⊂ f(B(a, r)) is a neighborhood of h(0) = f(a). �

Corollary 2.20 (The maximum modulus principle). Let Ω ⊂ Cn be an open set. Suppose
f ∈ O(Ω) and that |f | has a local maximum at the point a ∈ Ω. Then f is constant on the
connected component of Ω containing a.

Proof. ExerciseII.
�
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3. Biholomorphic inequivalence of the ball and the polydisc

Definition 3.1 (Holomorphic map). If Ω ⊂ Cn is a domain, then F : Ω → Cm, where
F = (f1, . . . , fm), is called a holomorphic map if each fj is a holomorphic function for
1 ≤ j ≤ m.

The differential dF (a) of a holomorphic map F at a ∈ Ω is a complex linear map Cn →
Cm, with the complex matrix representation

F ′(a) =


∂f1
∂z1

(a) . . . ∂f1
∂zn

(a)
...

...
∂fm
∂z1

(a) . . . ∂fm
∂zn

(a)


We call F ′(a) the derivative (or complex Jacobian matrix) of the holomorphic
map F at a.

ExerciseII: Show that if F : Ω→ Cn is a holomorphic map, where Ω ⊂ Cn is a domain,
then detJRF (z) = |detF ′(z)|2 ≥ 0, where JRF is the real (2n× 2n) Jacobian matrix of F .

Lemma 3.2 (Chain Rule). Let D ⊂ Cn and Ω ⊂ Cm be domains. If F = (f1, . . . , fm) :
D → Ω is holomorphic and g ∈ O(Ω), then g ◦ F ∈ O(D); moreover, for a ∈ D and
1 ≤ j ≤ n,

∂(g ◦ F )

∂zj
(a) =

m∑
k=1

∂g

∂wk
(F (a))

∂fk
∂zj

(a). (3.3)

Theorem 3.4 (Inverse Mapping Theorem). Suppose Ω ⊂ Cn is a domain and the holo-
morphic map F : Ω → Cn is non-singular at a, (i.e., detF ′(a) 6= 0). Then there are open
neighborhoods U of a and W of b = F (a), such that F |U : U → W is a homeomorphism
with holomorphic inverse H : W → U .

If Ω1 ⊂ Cn and Ω2 ⊂ Cm are domains, then we say the map F : Ω1 → Ω2 is biholomor-
phic if F is holomorphic homeomorphism with holomorphic inverse F−1 : Ω2 → Ω1.

Two domains Ω1 and Ω2 are called biholomorphically equivalent or simply biholo-
morphic if there is a biholomorphism F : Ω1 → Ω2.

The Riemann mapping theorem says that any simply connected domain in C (which is
not whole of C) is biholomorphic to the unit disc. H. Poincaré was the first to discover that
the generalization fails in higher dimension:

Theorem 3.5. There exists no biholomorphic map

F : P (0, 1)→ B(0, 1)

between the polydisc and the unit ball in Cn if n > 1.

Proof. (Proof taken from [1])
For simplicity, we will assume n = 2. Let ∆ = {ζ ∈ C : |ζ| < 1} be the open unit disc in C.
Suppose F = (f1, f2) : ∆×∆→ B = B(0, 1) ⊂ C2 be a biholomorphic map. For each fixed
w ∈ ∆, we define the holomorphic map Fw : ∆→ C2 by

Fw(z) =

(
∂f1

∂w
(z, w),

∂f2

∂w
(z, w)

)
.

Let {zν} ⊂ ∆ be a sequence with |zν | → 1. We apply Montel’s theorem to the bounded
sequence of holomorphic maps {F (zν , .)} in the second variable to obtain a subsequence
{zνj}, such that {F (zνj , .)} converges compactly in ∆ to a holomorphic map ϕ : ∆ → B.
Since F is biholomorphic, we must have F (zνj , w) → bB for every w ∈ ∆ as zν → b∆.
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Hence ϕ(∆) ⊂ bB, i.e., if ϕ = (ϕ1, ϕ2) then |ϕ1(w)|2 + |ϕ2(w)|2 = 1 for all w ∈ ∆. Applying
∂2/∂w∂w to this equation, we get |ϕ′1(w)|2 + |ϕ′2(w)|2 = 0, so ϕ′ ≡ 0 on ∆. This gives

lim
zν→b∆

Fw(z) = 0.

This means Fw extends continuously to ∆, with boundary values 0. This is a contradiction
because by maximum modulus principle, Fw ≡ 0 on ∆, which means F (z, w) is independent
of w, which means F cannot be injective. �
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